
Kef�laio 5

Axiwmatik  ShmasiologÐa kai

Apìdeixh Orjìthtac Programm�twn

P. Rontogi�nnhc

Ejnikì kai Kapodistriakì Panepist mio Ajhn¸n

Tm ma Plhroforik c kai Thlepikoinwni¸n
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Eisagwg 

Ta progr�mmata miac (klasik c) gl¸ssac
programmatismoÔ apoteloÔntai apì entolèc
(an�jeshc, epan�lhyhc klp)

Basikìc skopìc tou kefalaÐou autoÔ eÐnai h melèth
thc teqnik c twn Floyd-Hoare gia apìdeixh orjìthtac
tètoiwn programm�twn.
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Kanìnec

To suntaktikì pou ja exetasjeÐ eÐnai to:

Suntaktikì

C ::= skip

| ( C )

| i := E
| C0 ; C1

| while B do C
| if B then C0 else C1
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Teqnik  Floyd-Hoare

O C.A.R. Hoare eis gage ton sumbolismì gia ton
kajorismì tou ti k�nei èna prìgramma:

{P}C{Q}

ìpou C eÐnai to prìgramma thc gl¸ssac pou
melet�tai

kai P kai Q sunj kec, pou sqetÐzontai me metablhtèc
pou qrhsimopoieÐ to C
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Sunj kh

ApoteleÐ èkfrash miac apl c logik c gl¸ssac

Perièqei metablhtèc tou progr�mmatoc, stajerèc,

logikoÔc telestèc klp

'Otan prohgeÐtai miac entol c perigr�fei periorismoÔc
gia metablhtèc tou progr�mmatoc se ekeÐno to shmeÐo

'Otan akoloujeÐ entol  perigr�fei touc nèouc
periorismoÔc gia tic metablhtèc, met� thn ektèlesh
thc entol c

Ekfr�seic thc morf c {P}C{Q} onom�zontai
prodiagrafèc (specifications)
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Orismìc 5.1

Orismìc

MÐa prodiagraf  {P}C{Q} eÐnai alhj c
e�n ìtan to C ekteleÐtai se mÐa kat�stash pou ikanopoieÐ

th sunj kh P kai an h ektèlesh tou C termatÐzei,

tìte sthn kat�stash sthn opoÐa katal gei to prìgramma,

ikanopoieÐtai h sunj kh Q
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Orismìc 5.1

Oi prodiagrafèc onom�zontai kai tÔpoi merik c
orjìthtac diìti h apìdeixh tou ìti èna prìgramma
termatÐzei jewreÐtai xeqwrist  diadikasÐa, pou prèpei
na exet�sei o programmatist c, gia na eÐnai bèbaioc
gia thn orjìthta tou progr�mmatoc tou.
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Par�deigma 5.1

H prodiagraf :

{X = 1} X:= X + 1 {X = 2}

eÐnai alhj c.

(To sÔmbolo = eÐnai h gnwst  mac majhmatik  isìthta).
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Par�deigma 5.2

H prodiagraf :

{X = 1} Y:= X {Y = 1}

eÐnai alhj c.
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Par�deigma 5.3

H prodiagraf :

{X = 1} Y:= X + 1 {X = 2}

eÐnai yeud c.
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Par�deigma 5.4

H prodiagraf :

{
(X = x) ∧ (Y = y)

}
R:=X ; X:=Y ; Y:=R

{
(X = y) ∧ (Y = x)

}

eÐnai alhj c.

Oi metablhtèc x kai y , pou emfanÐzontai stic sunj kec,
all� ìqi sthn entol , onom�zontai bohjhtikèc
metablhtèc. Skopìc touc eÐnai na d¸soun ìnoma stic
arqikèc timèc twn X kai Y antÐstoiqa.

P. Rontogi�nnhc Axiwmatik  ShmasiologÐa



Par�deigma 5.5

H prodiagraf :

{true}C{Q}

EÐnai alhj c, e�n ìtan to prìgramma C termatÐzei, isqÔei
h sunj kh Q.

P. Rontogi�nnhc Axiwmatik  ShmasiologÐa



Par�deigma 5.6

H prodiagraf :

{P}C{true}

eÐnai p�nta alhj c gia k�je arqik  sunj kh P kai k�je
entol  C .
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Teqnik  Floyd-Hoare

DhmiourgÐa tupik¸n apodeÐxewn gia prodiagrafèc
programm�twn

Qr sh axiwm�twn kai kanìnwn exagwg c

sumperasm�twn, pou uposthrÐzei h teqnik 

Qr sh jewrhm�twn klassik¸n majhmatik¸n
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Diafor� Axiwm�twn kai Kanìnwn

AxÐwma eÐnai mÐa logik  prìtash gia thn opoÐa
upojètoume ìti eÐnai alhj c

Kanìnac exagwg c sumperasm�twn eÐnai mÐa
mèjodoc, pou qrhsimopoieÐtai gia na deÐxoume ìti mÐa
prodiagraf  eÐnai alhj c me thn upìjesh ìti �llec
prodiagrafèc eÐnai alhjeÐc
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AxÐwma tou skip

H entol  skip de metab�llei opoiad pote sunj kh isqÔei
prin apì thn ektèlesh thc

AxÐwma

{P} skip {P}

P. Rontogi�nnhc Axiwmatik  ShmasiologÐa



Kanìnac twn parenjèsewn

Kanìnac

E�n isqÔei to {P}C{R} tìte mporoÔme na ex�goume wc

sumpèrasma kai to

{P} ( C ) {R}
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AxÐwma Entol c An�jeshc

Anaparist� to gegonìc ìti h tim  miac metablht c V met�
apì thn ektèlesh thc entol c an�jeshc V:=E isoÔtai me
thn tim  thc èkfrashc E sthn kat�stash prin thn
ektèlesh thc entol c.
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AxÐwma Entol c An�jeshc

AxÐwma

{P[E/V ]} V := E {P}

ìpou V metablht , E èkfrash, P sunj kh kai P[E/V ] to
apotèlesma thc antikat�stashc ìlwn twn emfanÐsewn thc

metablht c V sthn P me E .
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Par�deigma 5.7

Efarmog  tou axi¸matoc thc Entol c An�jeshc

{X + 1 = n + 1} X := X+1 {X = n + 1}

'Opwc kai

{E = E} X:= E {X = E}

an to X den emfanÐzetai sto E.
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Morf 

MÐa suqn  paranìhsh eÐnai ìti to axÐwma An�jeshc
ja èprepe na eÐnai: {P} V:=E {P[E/V ]}
EÐnai ìmwc lanjasmèno, giatÐ ja èdine prodiagrafèc:
{X = 0} X:=1 {1 = 0}
To (swstì) axÐwma An�jeshc den isqÔei (se aut  th
morf ) gia pio polÔplokec prostaktikèc gl¸ssec
programmatismoÔ.
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Kanìnac Endun�mwshc thc Prosunj khc

Kanìnac

E�n isqÔei to P ⇒ R kaj¸c kai to {R}C{Q} tìte
mporoÔme na ex�goume wc sumpèrasma kai to {P}C{Q}.
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Par�deigma 5.8

{X + 1 = n + 1} X := X+1 {X = n + 1}

kai X = n =⇒ X + 1 = n + 1

Epomènwc me b�sh ton Kanìna thc Endun�mwshc thc
Prosunj khc, ex�goume wc sumpèrasma

{X = n} X := X+1 {X = n + 1}

H n eÐnai h bohjhtik  metablht  gia susqetismì tim¸n
sthn kat�stash prin kai met� thn ektèlesh entol c.
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Kanìnac Apodun�mwshc thc Metasunj khc

Kanìnac

E�n isqÔei to {P}C{R} kaj¸c kai to R ⇒ Q tìte

mporoÔme na ex�goume wc sumpèrasma kai to {P}C{Q}.
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Par�deigma 5.9

Me qr sh tou axi¸matoc thc Entol c An�jeshc èqoume:{
(R = X ) ∧ (0 = 0)

}
Q:=0

{
(R = X ) ∧ (Q = 0)

}
Apì ta klassik� majhmatik� gnwrÐzoume

R = X =⇒ (R = X ) ∧ (0 = 0)

Me qr sh tou kanìna Endun�mwshc thc Prosunj khc
èqoume {

R = X
}

Q:=0
{

(R = X ) ∧ (Q = 0)
}
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Par�deigma 5.9

Me qr sh p�li apl¸n majhmatik¸n èqoume

(R = X ) ∧ (Q = 0) =⇒ R = X + YQ

Me qr sh tou kanìna Apodun�mwshc thc Metasunj khc
èqoume {

R = X
}

Q:=0
{
R = X + YQ

}
Oi kanìnec Endun�mwshc kai Apodun�mwshc onom�zontai
kai kanìnec Sunepagwg c.
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Kanìnec SÔzeuxhc kai Di�zeuxhc

Kanìnac

E�n isqÔei to {P1}C{Q1} kaj¸c kai to {P2}C{Q2} tìte
mporoÔme na ex�goume wc sumpèrasma kai to

{P1 ∧ P2}C{Q1 ∧ Q2}

Kanìnac

E�n isqÔei to {P1}C{Q1} kaj¸c kai to {P2}C{Q2} tìte
mporoÔme na ex�goume wc sumpèrasma kai to

{P1 ∨ P2}C{Q1 ∨ Q2}
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Kanìnac SÔnjetwn Entol¸n

Afor� entolèc thc morf c C1;C2.

Kanìnac

E�n isqÔoun ta {P}C1{Q} kai {Q}C2{R} mporoÔme na
ex�goume to sumpèrasma

{P}C1;C2{R}
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Par�deigma 5.10

Me qr sh tou axi¸matoc thc entol c an�jeshc mporoÔme
na ex�goume ìti isqÔoun ta akìlouja:

{
(X = x) ∧ (Y = y)

}
R:= X

{
(R = x) ∧ (Y = y)

}{
(R = x) ∧ (Y = y)

}
X:= Y

{
(R = x) ∧ (X = y)

}{
(R = x) ∧ (X = y)

}
Y:= R

{
(Y = x) ∧ (X = y)

}

P. Rontogi�nnhc Axiwmatik  ShmasiologÐa



Par�deigma 5.10

Apì ta dÔo pr¸ta kai me b�sh ton kanìna twn SÔnjetwn
Entol¸n mporoÔme na ex�goume ìti isqÔoun ta akìlouja:{

(X = x) ∧ (Y = y)
}

R:=X ; X:=Y
{
(R = x) ∧ (X = y)

}
Ta parap�nw dÐnoun

{
(X = x) ∧ (Y = y)

}
R:=X ; X:=Y ; Y:=R

{
(X = y) ∧ (Y = x)

}
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Kanìnac tou if

Kanìnac

E�n isqÔei {P ∧ S}C1{Q} kaj¸c kai {P ∧ ¬S}C2{Q} tìte
mporoÔme na ex�goume wc sumpèrasma to

{P} if S then C1 else C2 {Q}
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Par�deigma 5.11

Me qr sh tou kanìna tou if kaj¸c kai �llouc
prohgoÔmenouc kanìnec kai axi¸mata h prodiagraf 

{y > 1} if (x>0) then y:=y-1 else y:=y+1 {y > 0}

eÐnai alhj c.
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Kanìnac tou while

Kanìnac

An gnwrÐzoume ìti {P ∧ S}C{P} tìte mporoÔme na
ex�goume wc sumpèrasma ìti

{P} while S do C {P ∧ ¬S}

H sunj kh P onom�zetai amet�blhth sunj kh

(invariant) diìti exakoloujeÐ kai isqÔei kai met� to tèloc
thc ektèleshc thc entol c while.
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Kanìnac tou while - 2

O kanìnac tou while lèei ìti e�n P eÐnai mÐa amet�blhth
sunj kh tou s¸matoc miac entol c while (ìtan isqÔei kai
h sunj kh S) tìte h P eÐnai mÐa amet�blhth sunj kh
olìklhrhc thc entol c while.
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Par�deigma 5.12

'Estw to prìgramma P :

Prìgramma

R:=X;

Q:=0;

while (Y<= R) do (R:=R-Y ; Q:=Q+1)

Jèloume na deÐxoume ìti o algìrijmoc upologÐzei to phlÐko
Y kai to upìloipo R thc diaÐreshc tou X me to Y , dhlad :

{
(Y > 0) ∧ (X ≥ 0)

}
P

{
(R < Y ) ∧ (X = R + YQ)

}
Er¸thsh: GiatÐ paÐrnoume Y > 0?
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Par�deigma 5.12

Apìdeixh:

Pr¸ta ja deÐxoume ìti:

{(Y > 0) ∧ (X ≥ 0)} R:=X; Q:=0 {X = R + YQ}

kai met� {
X = R + YQ

}
while (Y<=R) do ( R:=R-Y ; Q:=Q+1 ){

(X = R + YQ) ∧ ¬(Y ≤ R)
}
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Par�deigma 5.12

Η πρώτη αποδεικνύεται εύκολα. Για τη δεύτερη θα δείξουμε πρώτα

ότι:

{X = R + YQ} R:=R-Y ; Q:=Q+1 {X = R + YQ}

Με βάση το Αξίωμα Εντολής Ανάθεσης

{X = (R − Y ) + Y + YQ} R:=R-Y {X = R + Y + YQ}

{X = R + Y (Q + 1)} Q:=Q+1 {X = R + YQ}

Με χρήση του Κανόνα Σύνθετων Εντολών

{X = R + YQ} R:=R-Y ; Q:=Q+1 {X = R + YQ}
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Par�deigma 5.12

Me qr sh tou Kanìna Endun�mwshc thc Prosunj khc{
(X = R + YQ) ∧ (Y ≤ R)

}
R:=R-Y ; Q:=Q+1{

X = R + YQ
}

Me efarmog  tou Kanìna tou while ja p�roume to
zhtoÔmeno apotèlesma.
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Par�deigma

'Estw to prìgramma:

Prìgramma

j:=0;

i:=k;

while (i<n) do

j:=j+1;

i:=i+1;

end

BreÐte mia amet�blhth sunj kh gia to while loop.
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LÔsh

Dokim�zoume gia merikèc epanal yeic:

i j
k 0

k + 1 1
k + 2 2
k + 3 3
. . . . . .
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LÔsh

Profan¸c to i − j = k eÐnai mia amet�blhth sunj kh. Gia
na to deÐxoume kai tupik�, arkeÐ na deÐxoume ìti{

(i − j = k) ∧ (i < n)
}
j:=j+1 ; i:=i+1

{
i − j = k

}

ArqÐzontac apì to tèloc èqoume:

{i + 1− j = k} i:=i+1 {i − j = k}

{i + 1− j − 1 = k} j:=j+1 {i + 1− j = k}

'Ara to i − j = k eÐnai mia amet�blhth sunj kh.
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Par�deigma

'Estw to prìgramma P :

Prìgramma

K:=N;

s:=1;

while (K>0) do

s:=A*s;

K:=K-1;

end

Jèloume na deÐxoume ìti{
(N > 0) ∧ (A ≥ 0)

}
P

{
s = AN

}
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LÔsh

P¸c brÐskoume tic amet�blhtec sunj kec?

Dokim�zoume ton k¸dika gia mikroÔc arijmoÔc p.q.
A = 2, N = 5:

K s sAK

5 1 32
4 2 32
3 4 32
2 8 32
1 16 32
0 32 32
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LÔsh

Mia amet�blhth sunj kh pou ja mporoÔsame na
qrhsimopoi soume eÐnai h

sAK = AN

Blèpoume epÐshc ìti mÐa �llh amet�blhth sunj kh
faÐnetai na eÐnai h K ≥ 0, diìti{

(K ≥ 0) ∧ (K > 0)
}
s:=A*s ; K:=K-1

{
K ≥ 0

}
Epomènwc dialègoume wc amet�blhth sunj kh th
sunj kh:

(sAK = AN) ∧ (K ≥ 0)

P. Rontogi�nnhc Axiwmatik  ShmasiologÐa



LÔsh

Δείχνουμε καταρχήν ότι:{
(sAK = AN) ∧ (K ≥ 0) ∧ (K > 0)

}
s:=A*s ; K:=K-1

{
(sAK = AN) ∧ (K ≥ 0)

}
ή ισοδύναμα

{
(sAK = AN) ∧ (K > 0)

}
s:=A*s ; K:=K-1

{
(sAK = AN) ∧ (K ≥ 0)

}
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LÔsh

Αρχίζοντας από το τέλος έχουμε:{
(sAK−1 = AN) ∧ (K − 1 ≥ 0)

}
K:=K-1

{
(sAK = AN) ∧ (K ≥ 0)

}
{
(AsAK−1 = AN)∧(K−1 ≥ 0)

}
s:=A*s

{
(sAK−1 = AN)∧(K−1 ≥ 0)

}

Είναι (sAK = AN) ∧ (K > 0) =⇒ (AsAK−1 = AN) ∧ (K − 1 ≥ 0) άρα{
(sAK = AN) ∧ (K > 0)

}
s:=A*s ; K:=K-1

{
(sAK = AN) ∧ (K ≥ 0)

}
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LÔsh

Επομένως για όλο το while έχουμε:{
(sAK = AN)∧(K ≥ 0)

}
while...end

{
(sAK = AN)∧(K ≥ 0)∧¬(K > 0)

}

΄Ομως (sAK = AN) ∧ (K ≥ 0) ∧ ¬(K > 0) =⇒ (sAK = AN) ∧ (K = 0)
=⇒ s = AN

άρα{
(sAK = AN) ∧ (K ≥ 0)

}
while...end

{
s = AN

}
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LÔsh

Μένει να δείξουμε ότι{
(N > 0) ∧ (A ≥ 0)

}
K:=N ; s:=1

{
(sAK = AN) ∧ (K ≥ 0)

}

Αρχίζοντας από το τέλος έχουμε{
(AK = AN) ∧ (K ≥ 0)

}
s:=1

{
(sAK = AN) ∧ (K ≥ 0)

}
{
(AN = AN) ∧ (N ≥ 0)

}
K:=N

{
(AK = AN) ∧ (K ≥ 0)

}
΄Ομως έχουμε (N > 0) ∧ (A ≥ 0) =⇒ (N ≥ 0) =⇒ true ∧ (N ≥ 0)

=⇒ (AN = AN) ∧ (N ≥ 0) επομένως το ζητούμενο ισχύει.
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Par�deigma

'Estw to prìgramma P :

Prìgramma

count:=n;

fact:=1;

while (count != 0) do

fact:=fact*count;

count:=count-1;

end

Jèloume na deÐxoume ìti{
n ≥ 0

}
P

{
fact = n!

}
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LÔsh

Dokim�zoume merikèc timèc:

count fact
n 1

n − 1 n
n − 2 (n − 1)n
n − 3 (n − 2)(n − 1)n

Genik� eÐnai count! · fact = n!

P. Rontogi�nnhc Axiwmatik  ShmasiologÐa



LÔsh

To parap�nw ìtan telei¸sei to loop dÐnei

0! · fact = n!

pou eÐnai autì pou jèloume. Dialègoume loipìn wc
amet�blhth sunj kh to:

(count! · fact = n!) ∧ (count ≥ 0)

Mènei na exet�soume an eÐnai amet�blhth sunj kh.
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LÔsh

Αρχικά δείχνουμε ότι{
(count! · fact = n!) ∧ (count ≥ 0) ∧ (count 6= 0))

}
fact:=fact*count; count:=count-1;{

(count! · fact = n!) ∧ (count ≥ 0)
}

Αρχίζοντας από το τέλος έχουμε{
((count − 1)! · fact = n!) ∧ (count ≥ 1)

}
count:=count-1;

{
(count! · fact = n!) ∧ (count ≥ 0)

}
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LÔsh

και στη συνέχεια{
((count − 1)! · fact · count = n!) ∧ (count ≥ 1)

}
fact:=fact*count;

{
((count − 1)! · fact = n!) ∧ (count ≥ 1)

}
΄Ομως ισχύει ότι

(count! · fact = n!) ∧ (count ≥ 0) ∧ (count 6= 0)) =⇒

=⇒ (count · (count − 1)! · fact = n!) ∧ (count ≥ 1)

Άρα η (count! · fact = n!) ∧ (count ≥ 0) είναι αμετάβλητη συνθήκη.
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LÔsh

Επομένως για όλο το while έχουμε:{
(count! · fact = n!) ∧ (count ≥ 0)

}
while...end{

(count! · fact = n!) ∧ (count ≥ 0) ∧ (count = 0)
}

΄Ομως (count! · fact = n!) ∧ (count ≥ 0) ∧ (count = 0) =⇒ fact = n!
άρα{

(count! · fact = n!) ∧ (count ≥ 0)
}

while...end
{
fact = n!

}
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LÔsh

Μένει να δείξουμε ότι{
n ≥ 0

}
count:=n; fact:=1

{
(count! · fact = n!) ∧ (count ≥ 0)

}

Το οποίο είναι απλό{
(count! = n!)∧(count ≥ 0)

}
fact:=1

{
(count!·fact = n!)∧(count ≥ 0)

}
{
(n! = n!) ∧ (n ≥ 0)

}
count:=n;

{
(count! = n!) ∧ (count ≥ 0)

}
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