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Ejnikì kai Kapodistriakì Panepist mio Ajhn¸n

Tm ma Plhroforik c kai Thlepikoinwni¸n
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Istorik  exèlixh l-logismoÔ

AnaptÔqjhke arqik� apì ton Alonzo Church stic
arqèc thc dekaetÐac tou 1930, polÔ prin arqÐsoun na
qrhsimopoioÔntai oi hlektronikoÐ upologistèc.

'Htan mèroc miac genikìterhc jewrÐac me stìqo th
jemelÐwsh majhmatik¸n kai logik c [Chur32, Chur33]
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Istorik  exèlixh l-logismoÔ

H genik  jewrÐa  tan asunep c, ìpwc apodeÐqjhke
argìtera [Klee35]

To tm ma thc, pou asqol jhke me sunart seic eÐqe
shmantikèc efarmogèc sthn plhroforik , kurÐwc met�
to 1960

To tm ma autì eÐnai o l�mbda logismìc   l-logismìc
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l-Logismìc

Pl rec upologistikì montèlo

DÔo polÔ shmantik� apotelèsmata

'Olec oi anadromikèc sunart seic parist�nontai sto

l-logismì [Klee35]
Wc upologistikì montèlo, o l-logismìc eÐnai
isodÔnamoc me th mhqan  Turing [Turi37].

Η μηχανή Turing αποτέλεσε τη βάση των
υπολογιστών von Neumann στους οποίους ανήκουν οι
σημερινοί υπολογιστές και οδήγησε στη δημιουργία

των πρώτων γλωσσών προγραμματισμού
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l-Logismìc

Sqediasmìc nèwn arqitektonik¸n upologist¸n

Mhqanèc anagwg c (reduction machines) kai
Upologistèc ro c dedomènwn (data-flow computers)

΄Οταν πρωτο-δημιουργήθηκαν εκτελούσαν

αποκλειστικά προγράμματα γραμμένα σε κάποια

διάλεκτο του λ-λογισμού.

DhmiourgÐa sunarthsiakoÔ programmatismoÔ

John McCarthy σχεδίασε τη γλώσσα
προγραμματισμού LISP στα τέλη της δεκαετίας του
1950. Αργότερα δημιουργήθηκαν οι Scheme, ML,
Miranda, Haskell, κλπ.
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l-Logismìc

Upologistèc kai sunarthsiakìc programmatismìc den
ètuqan eureÐac apodoq c ìpwc oi upologistèc von
Neumann kai o prostaktikìc programmatismìc

Oi epidìseic twn pr¸twn mhqan¸n anagwg c kai oi
ulopoi seic twn sunarthsiak¸n glwss¸n  tan
qeirìterec apì ta paradosiak� sust mata.
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l-Logismìc

IdiaÐtera prìsforoc wc sumbolismìc gia thn
perigraf  shmasiologik¸n idiot twn twn glwss¸n
programmatismoÔ.

Dieukìlune th melèth kai apomìnwsh problhm�twn
sqedÐashc kai ulopoÐhshc twn glwss¸n
programmatismoÔ

Mhqanismì kl shc upo-programm�twn kai dom 

sust matoc tÔpwn
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l-Logismìc

DiatÔpwsh jewrÐac pedÐwn

JemelÐwsh ereunhtikoÔ pedÐou thc shmasiologÐac
glwss¸n programmatismoÔ
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Diaisjhtik  eisagwg 

O l-logismìc eÐnai jewrÐa sunart sewn

DÔo kÔriec leitourgÐec

Efarmog  sun�rthshc F p�nw se èna ìrisma A, pou
sumbolÐzetai me F A
AfaÐresh. 'Estw ìti x metablht  kai E [x ] èkfrash,
pou exart�tai apì th x . H èkfrash λx .E [x ]
sumbolÐzei th sun�rthsh

x 7−→ E [x ]
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Diaisjhtik  eisagwg 

H sun�rthsh dèqetai wc ìrisma mÐa tim  v kai
epistrèfei wc apotèlesma thn tim  E [v ].

H x den emfanÐzetai aparaÐthta sthn èkfrash E [x ].
An autì den sumbaÐnei, tìte h λx .E [x ] eÐnai mÐa
stajer  sun�rthsh.
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Par�deigma

H λx .x2 − 3x + 2 sumbolÐzei mÐa sun�rthsh, pou se
k�je tim  x apeikonÐzei thn tim  x2 − 3x + 2.

An h sun�rthsh efarmosjeÐ sto ìrisma 8, prokÔptei

(λx .x2 − 3x + 2)8 = 82 − 3 · 8 + 2 = 42

H tim  tou orÐsmatoc antikajist� thn par�metro x
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EleÔjerh kai Desmeumènh Metablht 

H afaÐresh λx .E [x ] desmeÔei th metablht  x mèsa
sthn èkfrash E [x ].

Metablht  mh desmeumènh onom�zetai eleÔjerh.

Par�deigma: λx .x2 − 3y + 2
x desmeumènh kai y eleÔjerh

Par�deigma: (λx .x2 − 3y + 2)(4x + 1)
H pr¸th emf�nish tou x (sto x2) eÐnai desmeumènh,
giatÐ eÐnai sto eswterikì thc afaÐreshc, en¸ h

deÔterh (sto 4x + 1) eÐnai eleÔjerh)

P. Rontogi�nnhc L�mbda logismìc



Par�deigma Dèsmeushc

Par�deigma: ∫
sin x + cos y

cos x − sin y
dx

H metablht  x sto eswterikì tou oloklhr¸matoc eÐnai
desmeumènh kai kat� sunèpeia h tim  tou
oloklhr¸matoc den exart�tai apì thn tim  tou x èxw
apì autì.

H metablht  y eÐnai eleÔjerh kai h tim  tou
oloklhr¸matoc exart�tai apì thn tim  tou y èxw apì
autì.
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l-ìroi

O l-logismìc eÐnai mÐa tupik  gl¸ssa Λ, h sÔntaxh thc
opoÐac dÐnetai apì ton akìloujo epagwgikì orismì:

Orismìc 10.1

'Estw V èna arijm simo sÔnolo metablht¸n. To sÔnolo Λ
twn ìrwn tou l-logismoÔ eÐnai to mikrìtero sÔnolo, pou
ikanopoieÐ tic parak�tw idiìthtec:

1 x ∈ V ⇒ x ∈ Λ

2 M ,N ∈ Λ⇒ (M N) ∈ Λ

3 x ∈ V , M ∈ Λ⇒ (λx .M) ∈ Λ
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l-ìroi

Ta stoiqeÐa tou sunìlou L onom�zontai epÐshc l-ìroi
(l-terms). Up�rqoun tri¸n eid¸n:

Metablhtèc (Variables), dhl. stoiqeÐa tou sunìlou V
Efarmogèc (Applications), me morf  (M N), ìpou M
kai N eÐnai l-ìroi

Afairèseic (Abstractions), me morf  (λx .M), ìpou x
metablht  kai M l-ìroc

Kat� sÔmbash qrhsimopoioÔntai mikr� gr�mmata tou
latinikoÔ alfab tou (x , y , z klp) gia sumbolismì
metablht¸n kai kefalaÐa (M ,N ,F ,G ,P klp) gia
l-ìrouc.
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l-ìroi

Qrhsimopoi¸ntac afhrhmènh sÔntaxh BNF kai
jewr¸ntac ìti h suntaktik  kl�sh twn metablht¸n
parist�netai me to mh-termatikì sÔmbolo 〈var〉, h
gl¸ssa Λ twn l-ìrwn perigr�fetai isodÔnama

〈term〉 ::== 〈var〉
|

(
〈term〉 〈term〉

)
|

(
λ〈var〉.〈term〉

)
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Par�deigma

Oi parak�tw eÐnai l-ìroi:

Par�deigma 10.1

(xy)
(λx .x)
(λx .((λy .(x y))))
(((λx .x)y) (λx .z))
((λx .(λy .z)) (λx .x))
(λx .((λy .y) (λz .x)))
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Sumb�seic

Gia aplopoÐhsh twn l-ìrwn kai apofug  meg�lou
arijmoÔ parenjèsewn (me austhr  t rhsh orismoÔ
10.1) qrhsimopoioÔntai oi sumb�seic

Exwterikèc parenjèseic den gr�fontai

λx .x συντομογραφία του (λx .x)

H efarmog  eÐnai arister� prosetairistik 

F M1 M2 . . . Mn συντομογραφία του

(. . . ((F M1)M2) . . . Mn)

H afaÐresh ekteÐnetai ìso perissìtero eÐnai dunatì,
dhlad  wc to epìmeno kleÐsimo parènjeshc   to tèloc
tou ìrou:

λx . M1 M2 . . . Mn συντομογραφία του

λx .(M1 M2 . . . Mn)
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Par�deigma

Akolouj¸ntac tic sumb�seic, oi l-ìroi tou paradeÐgmatoc
10.1 gr�fontai

Par�deigma 10.1
xy
λx .x
λx .λy .x y
((λx .x)y)(λx .z)
(λx .λy .z) (λx .x)
λx .(λy .y) (λz .x)
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Sqèsh ≡

Orismìc 10.2

H sqèsh tautìthtac ≡ sto sÔnolo twn l-ìrwn orÐzetai
epagwgik� wc ex c:

1 x ≡ y an x = y

2 (M N) ≡ (P Q) an M ≡ P kai N ≡ Q

3 (λx .M) ≡ (λy .N) an x = y kai M ≡ N

'Opou x = y sumbolÐzetai h sqèsh isìthtac sto sÔnolo V
(dhlad  x kai y eÐnai h Ðdia metablht ). An M ≡ N , oi ìroi
M ,N ∈ Λ onom�zontai tautìshmoi (identical).
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Metablhtèc

H metablht  x sthn afaÐresh λx .M onom�zetai
desmeÔousa metablht  (binding variable)

H embèleia (scope) thc afaÐreshc λx eÐnai o l-ìroc M ,
ektìc apì tuqìn afairèseic, pou autìc perièqei kai
stic opoÐec desmeÔousa metablht  eÐnai p�li h x .
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Metablhtèc

EmfanÐseic thc metablht c x pou brÐskontai sthn
embèleia k�poiou λx onom�zontai desmeumènec
(bound).

EmfanÐseic, pou den brÐskontai sthn embèleia kanenìc
λx onom�zontai eleÔjerec.
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EleÔjerh metablht 

Orismìc 10.3

To sÔnolo twn eleÔjerwn metablht¸n (free variables) enìc
l-ìrou M ∈ Λ sumbolÐzetai me FV (M) kai orÐzetai
epagwgik� wc ex c:

1 FV (x) = {x}
2 FV (M N) = FV (M) ∪ FV (N)

3 FV (λx .M) = FV (M)− {x}
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Par�deigma

'Estw o parak�tw ìroc:

M ≡ (λx .y x)(λy .xy)

EleÔjerh metablht 
Desmeumènh metablht 
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Par�deigma

Par�deigma 10.2

Akolouj¸ntac ton orismì 10.3

FV (M) =
= FV

(
(λx .yx)(λy .xy)

)
= FV (λx .yx) ∪ FV (λy .xy)
= (FV (y x)− {x}) ∪ (FV (x y)− {y})
=
(
(FV (y) ∪ FV (x))− {x}

)
∪
(
(FV (x) ∪ FV (y))− {y}

)
=
(
({y} ∪ {x})− {x}

)
∪
(
({x} ∪ {y}) ∪ {y}

)
= ({x , y} − {x}) ∪ ({x , y} − {y})
= {y} ∪ {x}
= {x , y}
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KleistoÐ l-ìroi

Orismìc 10.4

'Enac l-ìroc M ∈ Λ onom�zetai kleistìc l-ìroc (closed
l-term   combinator) an FV (M) = ∅. To sÔnolo twn twn
kleist¸n l-ìrwn sumbolÐzetai me Λ0.
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KleistoÐ l-ìroi

Oi akìloujoi l-ìroi eÐnai kleistoÐ kai sth
bibliografÐa onom�zontai prìtupoi kleistoÐ ìroi
(standard combinators).

I ≡ λx .x
K ≡ λx .λy .x
K∗ ≡ λx .λy .y
S ≡ λx .λy .λz .(x z)(y z)
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Antikat�stash

Basik  pr�xh sumbolik c epexergasÐac twn l-ìrwn

Ephre�zei eleÔjerec metablhtèc

O sumbolismìc M[x := N] parist�nei to apotèlesma
antikat�stashc ston ìro M ìlwn twn eleÔjerwn
emfanÐsewn thc metablht c x me ton ìro N .
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Antikat�stash

Orismìc 10.5

H antikat�stash thc metablht c x ∈ V ston ìro M ∈ Λ
me ton ìro N ∈ Λ sumbolÐzetai me M[x := N] kai orÐzetai
epagwgik� wc ex c:

x [x := N] ≡ N

y [x := N] ≡ y

(P Q)[x := N] ≡ P[x := N]Q[x := N]

(λx .P)[x := N] ≡ λx .P

(λy .P)[x := N] ≡ λy .P[x := N],
y 6∈ FV (N)   x 6∈ FV (P)

(λy .P)[x := N] ≡ λz .P[y := z ][x := N],
y ∈ FV (N) kai x ∈ FV (P), z 6∈ FV (N) ∪ FV (P)
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Parathr seic

AntikajÐstantai mìno oi eleÔjerec emfanÐseic miac
metablht c

Sto apotèlesma thc antikat�stashc kamÐa apì tic
eleÔjerec metablhtèc tou ìrou N den ja gÐnei
desmeumènh

H dèsmeush eleÔjerhc metablht c tou ìrou N ja
mporoÔse na gÐnei mìno mèsw tou teleutaÐou kanìna,
sthn perÐptwsh, pou y 6∈ FV (N) kai x 6∈ FV (P). O
kanìnac merimn� gia metonomasÐa thc desmeÔousac
metablht c, prokeimènou na apofeuqjeÐ autì to
endeqìmeno.
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Parathr seic

Ston teleutaÐo kanìna h epilog  thc metablht c
z ∈ V eÐnai eleÔjerh upì thn proôpìjesh ìti
z 6∈ FV (N) ∪ FV (P).

Gia ton monos manto orismì tou apotelèsmatoc thc
antikat�stashc M[x := N] prèpei se autì ton kanìna
na kajorÐzetai epakrib¸c o trìpoc epilog c thc
metablht c aut c.

Ta stoiqeÐa tou sunìlou V eÐnai arijmhmèna kai
epilègetai wc z to pr¸to, pou ikanopoieÐ thn
z 6∈ FV (N) ∪ FV (P).
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Metatropèc

TrÐa eÐdh metatrop c (α,β kai η)

K�je eÐdoc metatrop c perigr�fetai apì ton kanìna
M →x N ìpou x ∈ {α, β, η} kai M ,N ∈ Λ. O ìroc M
onom�zetai x-redex   apl� redex kai o N ìroc
contractum.
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Idiìthtec sqèsewn

Orismìc 10.6

Mia sqèsh ∼ p�nw sto Λ onom�zetai sumbat 
(compatible) an gia k�je x ∈ V kai gia k�je M ,N ,P ∈ Λ
isqÔoun oi parak�tw idiìthtec:

M ∼ N ⇒ (M P) ∼ (N P)

M ∼ N ⇒ (P M) ∼ (P N)

M ∼ N ⇒ (λx .M) ∼ (λx .N)

H sqèsh tautìthtac ≡ metaxÔ twn l-ìrwn eÐnai sumbat .
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Idiìthtec sqèsewn

Orismìc 10.7

MÐa sqèsh anagwg c (reduction relation) eÐnai mÐa
sumbat , anaklastik  kai metabatik  sqèsh p�nw sto Λ.

Orismìc 10.8

MÐa sqèsh sumfwnÐac (congruence relation) eÐnai mÐa
sumbat  sqèsh isodunamÐac p�nw sto Λ.

(MÐa sqèsh onom�zetai sqèsh isodunamÐac (equivalence
relation) an eÐnai anaklastik , metabatik  kai summetrik .)
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a-metatrop 

Orismìc 10.9

H sqèsh →α orÐzetai wc h mikrìterh sumbat  sqèsh p�nw
sto Λ gia thn opoÐa gia k�je M ∈ Λ kai gia k�je x , y ∈ V
tètoia ¸ste y 6∈ FV (M) isqÔei

λx .M →α λy .M[x := y ]

O periorismìc y 6∈ FV (M) exasfalÐzei ìti h metonomasÐa
thc desmeÔousac metablht c den prokaleÐ dèsmeush twn
metablht¸n tou ìrou M , pou  tan arqik� eleÔjerec.
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a-metatrop 

Par�deigma 10.3

Oi parak�tw a-metatropèc eÐnai swstèc:

λx .x →α λy .y

λx .z x →α λy .z y

λx .λy .z x y →α λy .λw .z y w

Sthn trÐth metatrop , h antikat�stash (λy .z x y)[x := y ]
prok�lese th metonomasÐa thc desmeÔousac metablht c,
prokeimènou na mh desmeujeÐ sto apotèlesma thc
antikat�stashc h eleÔjerh emf�nish thc y .
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a-metatrop 

Par�deigma 10.4

H parak�tw metatrop  eÐnai lanjasmènh:

λx .λz .z x y →α λy .λz .z y y

giatÐ den plhreÐtai o periorismìc

y /∈ FV (λz .z x y)
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b-metatrop 

Orismìc 10.10

H sqèsh →β orÐzetai wc h mikrìterh sumbat  sqèsh p�nw
sto Λ gia thn opoÐa gia k�je M ,N ∈ Λ kai gia k�je
x , y ∈ V isqÔei

(λx .M)N →β M[x := N]
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b-metatrop 

Par�deigma 10.5

Oi parak�tw b-metatropèc eÐnai swstèc

(λx .z x)w →β z w

(λx .λy .z x y)w →β λy .z w y

(λy .z y(λx .x y))w →β z w(λx .x w)
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b-metatrop 

Par�deigma 10.6

H parak�tw metatrop  eÐnai lanjasmènh:

(λx .λy .z x y)(w y)→β λy .z (w y) y

giatÐ gia na gÐnei antikat�stash

(λy .z x y)[x := wy ]

prèpei na metonomasjeÐ h desmeÔousa metablht  y ,
diaforetik� h emf�nish thc y ston ìro w y ja desmeuìtan.
To swstì apotèlesma thc parap�nw b-metatrop c eÐnai:

(λx .λy .z x y)(w y)→β λt.z (w y) t

ìpou t nèa metablht .
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h-metatrop 

Orismìc 10.11

H sqèsh →η orÐzetai wc h mikrìterh sumbat  sqèsh p�nw
sto Λ gia thn opoÐa gia k�je M ∈ Λ kai gia k�je x ∈ V
tètoia ¸ste x /∈ FV (M) isqÔei

λx .M x →η M
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h-metatrop 

Par�deigma 10.7

Oi parak�tw h-metatropèc eÐnai swstèc:

λx .z x →η z

λy .z x y →η z x

ìqi ìmwc h metatrop  λx .z x x →η z x giatÐ den plhreÐtai
to x /∈ FV (z x).
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Sqèsh →

Oi treic kanìnec metatrop c α, β kai η orÐzoun treic
basikèc sqèseic metatrop c →α,→β,→η gia to
l-logismì.

H sunolik  sqèsh metatrop c M → N ja upodhl¸nei
ìti o ìroc M metatrèpetai se èna b ma ston ìro N me
ènan apì touc treic kanìnec.
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Sqèsh →

Orismìc 10.12

Me → sumbolÐzetai h ènwsh twn sqèsewn →α,→β,→η,
dhlad  h sqèsh → orÐzetai wc h mikrìterh sqèsh gia thn
opoÐa isqÔoun:

M →α N ⇒ M → N

M →β N ⇒ M → N

M →η N ⇒ M → N
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Sqèsh �

O ìroc M metatrèpetai ston ìro N me akoloujÐa
bhm�twn, pijan¸c ken .

M ≡ N0 → N1 → N2 → · · · → Nn−1 → Nn ≡ N

H sqèsh sumbolÐzetai

M � N

An n = 1, tìte h metatrop  gÐnetai se èna b ma
M → N kai �ra h sqèsh � emperièqei thn →.

An n = 0, h akoloujÐa eÐnai ken  kai de sumbaÐnei
metatrop , dhlad  M ≡ N kai �ra h sqèsh �
emperièqei thn ≡.
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Sqèsh �

Orismìc 10.13

Me � sumbolÐzetai to anaklastikì kai metabatikì
kleÐsimo thc sqèshc →. Dhlad , h sqèsh � orÐzetai wc h
mikrìterh sqèsh gia thn opoÐa isqÔoun:

M → N ⇒ M � N

M � M

M � N ,N � P ⇒ M � P
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Parathr seic

H sqèsh � eÐnai sqèsh anagwg c (orismìc 10.7).
'Otan isqÔei ìti M � N lème ìti o ìroc M an�getai
ston ìro N .

'Otan M � N , ìla ta b mata sthn akoloujÐa
metatrop c èqoun thn Ðdia kateÔjunsh, apì arister�
proc dexi�.
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Parathr seic

An epitrapeÐ h Ôparxh {antÐstrofwn bhm�twn, ìpwc

M ≡ N0 → N1 ← N2 ← N3 ← N4 ← N5 → N6 ≡ N

tìte odhgoÔmaste se mÐa genikìterh sqèsh, pou
sumbolÐzoume me =. H sqèsh aut , emperièqei tic �,
→ kai ≡.
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Sqèsh =

Orismìc 10.14

Me = sumbolÐzetai h sqèsh isodunamÐac, pou prokÔptei
apì thn � . Dhlad  h sqèsh = orÐzetai wc h mikrìterh
sqèsh gia thn opoÐa isqÔoun:

M � N ⇒ M = N

M = N ⇒ N = M

M = N ,N = P ⇒ M = N
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Sqèseic =,≡

H sqèsh = eÐnai sqèsh sumfwnÐac (orismìc 10.8).
'Otan isqÔei M = N , o ìroc M eÐnai Ðsoc me ton ìro N .

Me th sqèsh isìthtac M = N den ennoeÐtai ìti oi dÔo
ìroi tautÐzontai, dhlad  den isqÔei M ≡ N (orismìc
10.2).

H di�krish twn dÔo sqèsewn kai h epilog  tou
sumbìlou {=} gia th sqèsh sumfwnÐac tou orismoÔ
10.14 endèqetai na mperdèyei ton anagn¸sth.
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Kanonikèc morfèc

l-logismìc jewreÐtai wc upologistikì montèlo
epexergasÐac sunart sewn

Sqèseic metatrop c

parist�noun thn pragmatopoÐhsh bhm�twn

epexergasÐac p�nw stouc l-ìrouc

aposkopoÔn ston upologismì k�poiou apotelèsmatoc
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b-metatrop 

Kat' exoq n upologistik  pr�xh, afoÔ diaisjhtik�
parist�nei efarmog  mÐac sun�rthshc se k�poio
ìrisma
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a-metatrop 

Den pro�gei th diadikasÐa upologismoÔ.

Ta onìmata twn desmeumènwn metablht¸n den èqoun
ousiastik  shmasÐa.

H metonomasÐa twn metablht¸n, pou epiteleÐtai mèsw
thc a-metatrop c den apoteleÐ ousiastikì
upologistikì b ma
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h-metatrop 

Den sumb�llei �mesa sthn upologistik  diadikasÐa.

UlopoieÐ ènan mhqanismì gia thn ulopoÐhsh l-ìrwn,
pou parist�noun sunart seic
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Parathr seic

H sqèsh metatrop c M → N parist�nei èna b ma sth
diadikasÐa upologismoÔ

H sqèsh M � N parist�nei (pijan¸c ken ) akoloujÐa
apì tètoia b mata.

'Otan M � N mporeÐ na jewrhjeÐ ìti o ìroc N
proèkuye kat� thn apotÐmhsh tou ìrou M .

ApotÐmhsh enìc ìrou eÐnai h diadoqik  efarmog 

kanìnwn metatrop c se autìn.
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Kanonikèc morfèc

'Otan se ènan ìro M den efarmìzetai kanèna amig¸c
upologistikì b ma, dhlad  kamÐa b-   h-metatrop ,
tìte h apotÐmhsh tou jewreÐtai oloklhrwmènh kai o
ìroc eÐnai telikì apotèlesma.

Tètoioi pl rwc apotimhmènoi ìroi onom�zontai
kanonikèc morfèc.
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Kanonikèc morfèc

Orismìc 10.15

'Enac ìroc M ∈ Λ eÐnai se kanonik  morf  (normal form)
ìtan den perièqei kanèna β-redex   η-redex.
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Par�deigma

Par�deigma 10.8

Oi ìroi λx . x kai λf . f (λx . x f ) eÐnai se kanonik 
morf .

AntÐjeta o ìroc λz .(λf .λx . f z x) (λy .y) den eÐnai se
kanonik  morf , giatÐ perièqei to β-redex
(λf .λx . f z x) (λy .y)→β λx . (λy .y) z x
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Parat rhsh

Stic kanonikèc morfèc den lamb�netai upìyh h
a-metatrop . Autì eÐnai sÔmfwno me th je¸rhsh tou
l-logismoÔ wc upologistikoÔ montèlou. An den
sunèbaine, tìte aploÐ ìroi ìpwc o λx . x den ja  tan
se kanonik  morf  lìgw dunat c metonomasÐac
k�poiac desmeÔousac metablht c.
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Parat rhsh

H sqèsh sumfwnÐac =α b�sei thc opoÐac ìloi oi ìroi,
pou prokÔptoun me a-metatropèc eÐnai isodÔnamoi,
apoteleÐ jemeli¸dh sqèsh isodunamÐac metaxÔ
kanonik¸n morf¸n. To gegonìc autì apodÐdetai kai
apì thn epìmenh prìtash.
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Prìtash

Prìtash 10.1

An o ìroc M ∈ Λ eÐnai se kanonik  morf  kai isqÔei
M � N gia k�poion ìro N ∈ Λ, tìte M =α N .
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Sqìlia

Up�rqoun l-ìroi h apotÐmhsh twn opoÐwn odhgeÐ, met�
apì diadoqikèc metatropèc se k�poia kanonik  morf .

Up�rqoun ìroi gia touc opoÐouc autì den isqÔei kai h
apotÐmhsh touc endèqetai na suneqÐzetai ep' �peiron
qwrÐc na katal gei se kanonik  morf .
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Kanonikèc morfèc

Orismìc 10.16

'Enac ìroc M ∈ Λ lème ìti èqei kanonik  morf  an gia
k�poion ìro N ∈ Λ isqÔei M � N kai o N eÐnai se kanonik 
morf . Sthn perÐptwsh aut , o ìroc M onom�zetai
kanonikopoi simoc (normalizing).
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Kanonikèc morfèc

Par�deigma 10.9

O ìroc λz .(λf .λx . f z x) (λy .y) sto par�deigma 8 den eÐnai
se kanonik  morf . Efarmìzontac diadoqik� b mata

λz .(λf .λx . f z x) (λy .y) →β λz .λx .(λy .y) z x
→β λz .λx .z x
→η λz .z

kai �ra λz .(λf .λx . f z x) (λy .y) � λz .z

Kaj¸c λz .z se kanonik  morf  kai o arqikìc ìroc èqei
kanonik  morf .
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Kanonikèc morfèc

Par�deigma 10.10

'Estw o ìroc Ω ≡ (λx .x x)(λx .x x) se mh kanonik  morf . O
ìroc perièqei mìno èna b-redex kai h mình metatrop , pou
mporeÐ na efarmosjeÐ eÐnai h

Ω ≡ (λx .x x)(λx .x x)→β (λx .x x)(λx .x x) ≡ Ω

Se èna b ma metatrop c, o ìroc Ω metatrèpetai p�li ston
eautì tou. H diadikasÐa apotÐmhshc den termatÐzetai kai
o ìroc Ω den èqei kanonik  morf . Ed¸ h diadikasÐa
apotÐmhshc den proodeÔei.
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Kanonikèc morfèc

Par�deigma 10.11

'Estw o ìroc M ≡ (λx .x x y)(λx .x x y) me mìno èna b-redex.
H mình akoloujÐa metatrop¸n pou efarmìzetai eÐnai h

M ≡ (λx .x x y)(λx .x x y)
→β (λx .x x y)(λx .x x y) y ≡ M y
→β (λx .x x y)(λx .x x y) y y ≡ M y y
→β (λx .x x y)(λx .x x y) y y y ≡ M y y y
→β . . .

K�je apotèlesma den eÐnai se kanonik  morf  kai èqei
mìno èna b-redex.
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Kanonikèc morfèc

Par�deigma 10.12

'Estw o ìroc M ≡ (λx .(λy . x y) z)w me dÔo b-redex gia tic
dÔo afairèseic me desmeÔousec metablhtèc x kai y .

Metatrèpontac pr¸ta to pr¸to apì aut�, prokÔptei h
apotÐmhsh:

M →β (λy .w y) z →β w z

Metatrèpontac ta me thn antÐstrofh seir� prokÔptei h
apotÐmhsh:

M →β (λx . x z)w →β w z
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Kanonikèc morfèc

Par�deigma 10.13

'Estw o ìroc M ≡ (λz . y) ((λx .x x)(λx .x x)) pou perièqei
ton ìro Ω tou paradeÐgmatoc 10.10. O ìroc M perièqei
dÔo b-redex gia tic dÔo afairèseic me desmeÔousec
metablhtèc z kai thn pr¸th apì tic dÔo x .

Metatrèpontac to pr¸to, odhgoÔmaste se kanonik  morf :

M →β y

Metatrèpontac to deÔtero, odhgoÔmaste p�li ston Ðdio
ìro (ìpwc me th metatrop  tou Ω).

M →β (λz . y) ((λx .x x)(λx .x x)) ≡ M
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Kanonikèc morfèc

Orismìc 10.17

'Enac ìroc M onom�zetai isqur� kanonikopoi simoc
(strongly normalizing) an ìlec oi akoloujÐec metatrop c,
pou xekinoÔn me ton M katal goun se kanonik  morf .
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Kanonikèc morfèc

Orismìc 10.18

H strathgik  kat� thn opoÐa epilègetai gia metatrop 
k�je for� to aristerìtero redex enìc ìrou, dhlad  autì
tou opoÐou to sÔmbolo λ brÐsketai ìso to dunatìn pio
arister�, onom�zetai strathgik  thc anagwg c kanonik c
seir�c (normal order reduction strategy).
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Idiìthtec tou l-logismoÔ

Je¸rhma 10.1 (Church-Rosser)

'Estw ìroi M ,N1,N2 ∈ Λ tètoioi ¸ste M � N1 kai
M � N2.Tìte up�rqei ìroc N ∈ Λ tètoioc ¸ste N1 � N kai
N2 � N .

M

N2N1

N
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Idiìthtec tou l-logismoÔ

Prìtash 10.2

K�je ìroc M èqei to polÔ mÐa kanonik  morf .
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KanonikopoÐhsh - Normalization

Je¸rhma 10.2

An o ìroc M èqei kanonik  morf , tìte h strathgik  thc
anagwg c kanonik c seir�c odhgeÐ se aut n.
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Logikèc timèc

Pwc mporoÔme na anaparast soume tic logikèc timèc
ston l�mbda-logismì?

Orismìc 10.19

true ≡ λx .λy .x

false ≡ λx .λy .y
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Logikèc timèc

Pwc mporoÔme na anaparast soume touc logikoÔc
telestèc ston l�mbda-logismì?

Orismìc 10.20

not ≡ λz .z false true
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Logikèc timèc

Je¸rhma 10.3

1 not true = false

2 not false = true

Apìdeixh.

1 not true ≡ (λz .z false true) true
→β true false true
≡ (λx .λy .x) false true
→β false

2 OmoÐwc.
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Logikèc timèc

Orismìc 10.21

cond ≡ λz .λx .λy .z x y

if B then N else M ≡ cond B N M

ApodeiknÔetai eÔkola ìti h parap�nw dom  plhroÐ tic
apaitoÔmenec idiìthtec.
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Logikèc timèc

Je¸rhma 10.4

Gia k�je N ,M ∈ Λ isqÔoun ta parak�tw:

1 if true then N else M = N

2 if false then N else M = M

Apìdeixh.

1 if true thenN elseM ≡ cond true N M
≡ (λz .λx .λy .z x y)trueN M
→β true N M
≡ (λx .λy .x) N M
→β N

2 OmoÐwc.
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Diatetagmèna zeÔgh

Ston l-logismì kwdikopoioÔntai diatetagmèna zeÔgh
ìrwn (pou me th seir� touc kwdikopoioÔn �lla
majhmatik� antikeÐmena). MÐa tètoia kwdikopoÐhsh
gÐnetai mèsw tou pair.

O sumbolismìc 〈N ,M〉 qrhsimopoieÐtai gia
dieukìlunsh sth graf  ìrwn, pou kwdikopoioÔn
diatetagmèna zeÔgh.
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Diatetagmèna zeÔgh

Orismìc 10.22

pair ≡ λx .λy .λz . z x y

〈N ,M〉 ≡ pair N M

Oi pr�xeic fst kai snd, pou epistrèfoun to pr¸to kai
to deÔtero stoiqeÐo enìc diatetagmènou zeÔgouc
kwdikopoioÔntai wc:

Orismìc 10.23

fst ≡ λz . z true

snd ≡ λz . z false

ApodeiknÔetai ìti oi pr�xeic plhroÔn apaitoÔmenec
idiìthtec kai �ra h dom  〈N ,M〉 qrhsimeÔei wc
diatetagmèno zeÔgoc.
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Diatetagmèna zeÔgh

Je¸rhma 10.5

Gia k�je N ,M ∈ Λ isqÔoun ta parak�tw:

1 fst 〈N ,M〉 = N

2 snd 〈N ,M〉 = M

Apìdeixh.

1 fst 〈N ,M〉 ≡ (λz . z true) 〈N ,M〉
→β 〈N ,M〉 true
≡ pair N M true
≡ (λx .λy .λz . z x y) N M true
→β true N M
≡ (λx .λy .x) N M
→β N

2 OmoÐwc.
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FusikoÐ arijmoÐ

'Eqoun protajeÐ pollèc diaforetikèc kwdikopoi seic
twn fusik¸n arijm¸n ston l-logismì. H pr¸th kai h
pio gnwst  apì autèc eÐnai ta arijmoeid  tou Church.
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FusikoÐ arijmoÐ

Orismìc 10.24

'Estw fusikìc arijmìc n ∈ N kai ìroi F ,A ∈ Λ. O ìroc
F n(A) ∈ Λ orÐzetai epagwgik� wc:

F 0(A) ≡ A

F n+1(A) ≡ F (F n(A))

O orismìc tou F n(A) ja mporoÔse isodÔnama na dojeÐ
me th morf  F n+1(A) ≡ F n(F A).

Me epagwg  apodeiknÔetai ìti F n(F A) ≡ F (F n(A))
kai F n(Fm(A)) ≡ F n+m(A).
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Arijmoeid  tou Church - Church numerals

Orismìc 10.25

Gia k�je fusikì arijmì n ∈ N orÐzetai ènac ìroc cn ∈ Λ wc:

cn ≡ λf .λx . f n(x)
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Arijmoeid  tou Church

To arijmoeidèc, pou antistoiqeÐ ston arijmì 0 eÐnai to
c0 ≡ λf .λx . x , ston arijmì 1 to c1 ≡ λf .λx . f x , ston
arijmì 2 to c2 ≡ λf .λx . f (f x) kok.

'Ola ta arijmoeid  eÐnai se b-kanonik  morf 
(m�lista ìla ektìc tou c1 eÐnai kai se h-kanonik 
morf ). OÔte ìloi oi l-ìroi eÐnai arijmoeid , oÔte ìloi
an�gontai se arijmoeid .
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Arijmoeid  tou Church

L-ìroi gia epìmeno, prìsjesh, pollaplasiasmì kai
Ôywsh se dÔnamh.

Orismìc 10.26

succ ≡ λn.λf .λx . n f (f x)
A+ ≡ λn.λm.λf .λx . n f (m f x)
A∗ ≡ λn.λm.λf . n (m f )
Aexp ≡ λn.λm. mn

To je¸rhma 10.7 apodeiknÔei thn orjìthta thc
kwdikopoÐhshc pr�xewn tou parap�nw orismoÔ. Gia
thn apìdeixh tou eÐnai qr simo to akìloujo l mma.
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Arijmoeid  tou Church

L mma 10.1

Gia k�je n,m ∈ N kai gia k�je x , y ∈ Λ isqÔoun ta ex c:

1 cn f (cm f x) = cn+m f x

2 (cn x)m (y) = xnm (y)

3 An m > 0, tìte (cn)m (x) = cnm x
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Arijmoeid  tou Church

Apìdeixh.

1 cnf (cm f x) ≡ (λf .λx . f n(x)) f ((λf .λx . f m(x))f x)
�β (λf .λx . f n(x)) f (f m(x) x)
�β f n(f m(x))
≡ f n+m(x)
�β (λf .λx . f n+m(x)) f x
≡ cn+m f x
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Arijmoeid  tou Church

Apìdeixh (sunèqeia).

2 (cn x)m+1 (y) ≡ cn x((cn x)m (y))
= cn x(xnm (y)) (epagwgik  upìj.)
≡ (λf .λx . f n(x)) x(xnm (y))
�β xn(xnm (y))
≡ xn+nm(y)
≡ xn(1+m)(y)
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Arijmoeid  tou Church

Apìdeixh (sunèqeia).

3 (cn)m+1 (x) ≡ cn ((cn)m (x))
= cn (cnm x) (epagwgik  upìjesh)
≡ (λf .λx . f n(x)) (cnm x)
�β λy .(cnm x)n (y)
= λy .xn

mn (y) (l mma 10.1.2)

≡ λy .xn
m+1

(y)

←β (λf .λx .f n
m+1

(x)) x
≡ cnm+1 x
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Arijmoeid  tou Church

Je¸rhma 10.6

Gia k�je n,m ∈ N isqÔoun ta ex c:

1 succ cn = cn+1

2 A+ cn cm = cn+m

3 A∗ cn cm = cnm
4 An m > 0, tìte Aexp cn cm = cnm
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Arijmoeid  tou Church

Apìdeixh.

1 succ cn ≡ (λn.λf .λx . n f (f x))(λf .λx . f n(x))
→β λf .λx . (λf .λx . f n(x)) f (f x)
�β λf .λx . f n(f x)
≡ cn+1

2 A+ cn cm ≡ (λn.λm.λf .λx . n f (m f x)) cn cm
�β λf .λx . cn f (cm f x)
= λf .λx .cn+m f x (l mma 10.1.1)
→η cn+m
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Arijmoeid  tou Church

Apìdeixh (sunèqeia).

3 A∗ cn cm ≡ (λn.λm.λf . n (m f )) cn cm
�β λf . cn (cm f )
≡ λf . (λf .λx . f n(x)) (cm f )
→β λf .λx . (cm f )n(x)
= λf .λx . f mn(x) (l mma 10.1.2)
≡ cmn
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Arijmoeid  tou Church

Apìdeixh (sunèqeia).

4 Aexp cn cm ≡ (λn.λm. mn) cn cm
�β cm cn
≡ (λf .λx . f m(x)) cn
→β (cn)m (x)
= cnm x (l mma 10.1.3)
≡ cnm
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L�mbda logismìc kai pèrasma paramètrwn

H sqèsh omoiìthtac tou l-logismoÔ me tic gl¸ssec
programmatismoÔ den periorÐzetai sthn ekfrastik 
tou ikanìthta wc programmatistikoÔ montèlou.

Oi strathgikèc anagwg c l-ìrwn eÐnai polÔ sten�
sundedemènec me mejìdouc per�smatoc paramètrwn
twn glwss¸n programmatismoÔ.
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AnalogÐa l-logismoÔ kai glwss¸n

programmatismoÔ

Oi l-ìroi antistoiqoÔn se ekfr�seic   entolèc

H afaÐresh kai h efarmog  antistoiqoÔn ston orismì
kai thn kl sh sunart sewn   diadikasi¸n kai

H diadikasÐa thc anagwg c antistoiqeÐ sthn
apotÐmhsh ekfr�sewn   thn ektèlesh entol¸n.
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Oknhr  apotÐmhsh (lazy evaluation)

Termatismìc thc apotÐmhshc miac èkfrashc prin
prokÔyei pl rwc apotimhmèno apotèlesma.

Upost rixh apì gl¸ssec sunarthsiakoÔ
programmatismoÔ

Haskell kai Miranda
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Oknhr  apotÐmhsh

Termatismìc ìtan to apotèlesma eÐnai tim  (value).

H akrib c morf  twn tim¸n diafèrei apì gl¸ssa se
gl¸ssa

Arijmhtikèc kai logikèc stajerèc, kaj¸c kai

sunarthsiakèc afairèseic eÐnai timèc.

Ston l-logismì mìno oi afairèseic jewroÔntai timèc
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Anagwg  Kanonik c Morf c

H strathgik  thc anagwg c kanonik c seir�c
sqetÐzetai sten� me thn oknhr  apotÐmhsh.

H metatrop  k�je for� tou aristerìterou b-redex
shmaÐnei ìti den èqei prohghjeÐ metatrop  mèsa ston
ìro, p�nw ston opoÐo efarmìzetai h afaÐresh, pou
antistoiqeÐ se autì to b-redex.
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AnalogÐa me Oknhr  ApotÐmhsh

Kat' analogÐa sthn oknhr  apotÐmhsh mÐa sun�rthsh
kaleÐtai qwrÐc na prohghjeÐ apotÐmhsh twn
paramètrwn thc.

Sthn gl¸ssa programmatismoÔ Algol 60, h
sumperifor� aut  epitugq�netai me th mèjodo tou
per�smatoc paramètrwn kat' ìnoma (call by name).
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Par�deigma

H strathgik  thc anagwg c kanonik c seir�c odhgeÐ
telik� thn anagwg  tou ìrou (λx .λy .y)Ω sthn tim 
λy .y

To Ðdio apotèlesma prokÔptei sth gl¸ssa Algol 60,
an orisjoÔn oi sunart seic kai sth sunèqeia
apotimhjeÐ h èkfrash f(g) ston epìmeno k¸dika:
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Par�deigma

Prìgramma 1

integer procedure f (x);

integer x;

begin

f :=42

end;

integer procedure g;

begin

while true do

g := 7

end;
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Par�deigma

To apotèlesma eÐnai 42, giatÐ kat� thn apotÐmhsh de
qrei�zetai na gÐnei h kl sh sth sun�rthsh g, pou den
termatÐzetai

H apotÐmhsh ìmwc thc èkfrashc f(g) den ja
termatizìtan se k�poiec �llec gl¸ssec
programmatismoÔ

Pascal, C, klp.
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Prìjumh apotÐmhsh

Stic gl¸ssec autèc to pèrasma paramètrwn gÐnetai
kat' axÐa (by value) kai h tim  thc paramètrou g

apotim�tai prin klhjeÐ h sun�rthsh f.

H kl sh thc g odhgeÐ se mh termatismì.

Prìjumh apotÐmhsh (eager evaluation) eÐnai h
apotÐmhsh kat� thn opoÐa oi par�metroi apotim¸ntai
prin gÐnei h kl sh sth sun�rthsh.
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Prìjumh apotÐmhsh ston l-logismì

Ston l-logismì, to an�logo thc prìjumhc apotÐmhshc
kai tou per�smatoc paramètrwn kat' axÐa eÐnai mÐa
strathgik  apotÐmhshc pou kat� thn apotÐmhsh tou
ìrou (λx .λy .y) Ω ja apotimoÔse pr¸ta ton ìro Ω.
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Prìjumh apotÐmhsh ston l-logismì

Tètoiou eÐdouc strathgikèc prokÔptoun upoqrewtik�
an ston kanìna thc b-metatrop c

(λx .M)N →β M[x := N]

prosjèsoume ton periorismì ìti o ìroc N prèpei na
eÐnai tim .
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