‘O)ec oL tpoomtaBelec Tic omoleg KA VALE TLPOKELUEVOL VAL LOY UPOTLOLNOOULLE TLC
M.T., émeocav oto kevo.

Ocon twv Church-Turing: H pnyoavn Turing mov teppatiCel yiar SAeg
TLC £L0Od0OVC ATTOTEAEL TNV aLuoTNPEN TuTToTIolNo™ TNC dlooBNTIKNE £vvolag Tov
«aAyoplBuovy. loodUvopua: Timota dev elvo adyoplBuog av dev umopel va
ekppaotel we M. T. mov teppatilel yia dhec Tic sloddouc.

H B2on twv Church-Turing 8ev elval Bewpnua, kol emopévwe dev umopel va
aroderytet. Eivar (Bewpnrikd) duvatd va Ppebel oto péANov koo toxupd
LovTENO uTtoAoYLopoV, To otolo Ba katapplder T Béon twv Church-Turing.
Kati tétolo Bewpeita ofuepa amiBavo.



MéyxpL topa, k&8s M. T. mov eéetdoaue HTav oxedloopévn vor AVVEL éva
kot povadikd TpoPAnua (v amopoaotlel o ovykekpuuévn yAwooo L, va
vtohoy{lel prae ouykekpluévn ovvdptnon f Kok).

Oa detéouvue mwe oo M. T. giva «TPOYPAPUATIOWESY, UTTOpoUV dNA.  va
ekTeEAEOOLV oToLoVdNTTOTE oAy OpLOuo.

Até ™ B2on twv Church-Turing, adyéplbuoc yia pac stvan o M. T. Apac...



Oa oploovpe pior unyavn Turing n omola Otav Talpvel we elocodo tnv
TepLypa @ pLag pnyoavie M, Bo cuuteplpepetal Omwe n M.

[Lot VOU UTTOPOUME VAU VAT POOTNCOVME ML OToLadNTtoTe pnyovn Turing,
Oa mpémel vau Ppodue TPOTO Vo KWSLKOTIOL)OOUUE TIC KATXOTAOELS KOL TO
oVuPola Taviog TNE Ypnototmolwvtac éva tpokaboplouivo agdpnro.

AvaoplotoVpe kataotdoelc otn popyt quw, émov w € {0,1}*. Opolwg, To
oOuBora Tawwviag otn popen aw, émov w € {0, 1}*.



M= (K,%,6,s,{h})

K = {87 q, h}
¥ ={a,U,>}
Katdotaon ¢ XO0uBoro 0 MetdBoon d(q, o)
S a (q,U)
S L (h,U)
S > (s,—)
q a (Sv CL)
q L (Sv _>)
q > (g, —)



AV PLOTOUUE TIC KATAOTAOELC KAl TaL oTolyela Tov adpantov tne M w¢
e€Nc:

Kataotaon Avoamtoapdotoon
q00
qO1
q10
a000
a001
a010
a011
a100

@lTV[D@m

H avamapdotaon < M > tnc unyxavic Turing sival n oupolooelpd:

< M >= (q00, a100, q01, a000), ..., (q01, a001, q01, a011)



Mmopolue Tdpa va oploovpe o kaBoAikn) unyavn Turing U, n omola £yel
dVo oplopotar: TNV Teptypopn) K M > jag pnyavie M kol Tnv TepLlypay
< w > Jog ovpPoroocelpdic w.

Oelovpe n U va teppatiCel pe eloodo < M > w > av ko pévo av n M
TeppatiCel pe locodo w.

Etval oxetikd amAd va oxedidooupue tn U pe TéTOL0 TPOTO WOOTE VAL TIPOTO-
potvel T Asttovpylor tne M (etvan aethovotepo av 1) U xpnoupotoiel tpeic
Tovieg).



Me 6pouc apYLTEKTOVLKNC VTTOAOYLOTQOV, AUTS TTOU KAVAE NTAV VoL ELOXY -
YOUuE TNV €vvolal Tov stored program computer.

Mo attd Tic omoudodTeEpeg ETLOTNOVIKESC avorkaAvdelg Tou 200v aLivaL,



Mtopolpue va Bpodue TpoPAAUaTa T ool VAL NV €TILAVOVTOL ATTO KOLVEVX
aAy6pLBuo;

Tétola poPAaTa LTT&pYouV: SAOL OL POPUAALoUOlL Tov £xouue £CeTdOEL
(kovovikéc YAGooES, YAOOOoEC Ywplc ovuppaldpeva, unxovéc Turing, KAT),
UTTOPOUV VAL AVATIOLPALOTHOOUV (avaryvwploouv) aptBunotuo &Telpec To TAY-
Ooc yAwooec. To oOovoro OAWV Twv YAwoo®V sival un apltBunotlua &Telpo.

[1d¢ umopovue Ouwe val Ppolie Lot TETOLX YADOOX oV dev aTtopaotleTal
ATCO [Loe unyovn Turing;

OuunBeite, £xovpue BN oploel pnyovéc Turing Tov Taipvouy w¢ elcodo kKwdL-
KOTLOLNOELC PN av@V Turing.



‘Eotw 6Tl £youue katawépel vo ypddouue éva pdypappo halts(P,X) 1o
OTLOLO AC ETLLOTPEPEL TNV ATTAVINON ‘Yes ov, He eloodo X, To mpdypappa P
TeppaTiCel KoL ‘N0’ BLOLPOPETIKA.

Ocewpeiote TOpa To £ENC TPSYPAULAL:
procedure diagonal(X)

L - if halts(X,X)
then goto L
else stop

TeppatiCel To diagonal (diagonal);
TeppotiCel

av ko ubévo av To halts(diagonal ,diagonal) emiotpéel no’, dnAodn
ov koL bvo &v to diagonal pe eloodo diagonal dev teppatiCel (&toto).

2 UMTEQOOMOL: BEV VLA PYEL TETOLO TPOYpapa halts.



Me odnyd tov mponyoluevo cuAloyiopd, Ba Bpoldue pa YAbooo Tov slval
avadpoptkd ataptBuniolun aAA& oxL avadpopulkt). ‘Eotw n yAdooo:

H={< M > w>:nunxavi Turing M teppatiCel étav £xel eloodo w}

H yAwooa H sival mpopavae avadpoplkd amtaplBunoiun kaboe nuiamogo-
olCetol amd tn punyavn U. Elvan duwe n H avadpopik;

‘Eotw 6tL n H elval aovadpopikny. Téte, To (8o Bat Loy el kol yLol TN YAOOOo:

Hi = {< M >: 1 unxavn Turing M teppatiCer tav éxel eloodo < M >}

Apov n Hy elva acvadpopitk), TOTE TO LBLO Loy VEL KOL YL TO CUUTIATIPWUE TNC:

Hi = {w:n w dev elvar kwdikomolnon unyxavic Turing
1 elvor kwdikotoinomn pag unyovic Turing M
Tov dev TeppatiCel otav éxel eloodo K M >}



‘Ouwe, n Hy 8ev elva odte kov OLVOLBPOMLKGL ALTEaLPLBTOLUN: éoT(o_I\/l* LLLOL
unyowvf) Turing ov nuaopaotlel tnv Hi. Aviker 1 << M* > otnv Hy;

ATté tov oplopd e Hi, < M* >¢€ H; av ko pévo av 1 M* Sev Séyetal
ovpPorooslpd K M* >

‘Ouwe, 1 M* nuiamopaotilelt tnv Hy, ko étol < M* >>€ H; av kot pdvo av
n M* 8éyetal 0 oupPBolooelpd < M* >

Katadféape os dtomo, kot emopévwe N H dev siva aovadpopunk.



Oewpnuo: H kAdon TV avadpoplkdv YAWoo®V elval €ver yVioLo VTToCU-
VOAO TNC KAXONC TWV VASPOMLKA ATIAPLOUNTLUWY YAWOTMV.

ErumtAéov, émwe eidaue, n yAwooa Hi givar aovadpopikd ataplBunouun v
TO CUUTIANPWUAE TN dev elval. Katd ouvétmela:

Oewenua: H kAdon twv avadpoutkd oAToplOUnooy YAWooWOV dev glval
KAELOT) WC TPOC TO CUPTIANPW.



To TPWTO CUPTEPAOUA TIOV TPOKVUTITEL ATO TNV Tponyoluevn cv(ATnon «l-
voll OTL dev umdpyel aAyoplBuoc o omotoc yia k&Be unyavn Turing M ko
oupPorooelpd eloddou w, va amoaotlel av | M dexetan T w 1) OXL.

[MpoPAuaTa dTtwe To Tapamdvew Ba Toe ovoud(ovpe N eTLAVOLLLOL.

Ilpocoyr: To mpdPAnua Tou TEPUATIOMOU PTopel Vo AVVETOL OE KATIOLEG
eldlkéc TepLTOOoelc. AuTd Tou £xoupe amodeifel elval Tl dev LTTAPYEL HLAL
vevikn peBodoc 1 omota va atopaoiel 0woTtd og SAEC TIC TEPLTITOOELC.



[ pmopodue var amodet&oupe 6Tl evar TPORANUA elvart n eTLAVoLO (X wplc
VOl XPTOULOTIOLIOOUME TNV TEXVLKT Ttou akorovBroape yia Tnv H;)

Oa YPNOLOTOLNOOVIE TNV EVVOLX TNG VA YWYTC.



Miat acvatywyt) elval évae TpoOToC var petatpémoupe éva TpoPAnua I os éva
péPANua 1o, éToL wote pLa Adon tou Iy va pmopet v ypnotuomownBet yia

vol Adoovupe To I,
Nepe 10TE e avayovpe to I oto 1ls.

H aovarywyn) €xel katebBuvon: o avarywyn amd to I1; oto I, dev onpalvel
AT PAlTNTA TTWE VTtApPYEL avaywyn ard to Iy oto 1.



‘Eotw Sort (A) évag omoioconmote alyoplbuog mov SlaTdooel To oTolXela
evog array A.

O mapakdtw arydplbuoc Bplokel To eAdyloto oTolyelo uEca Og v array.

Find-Min(array A)

Sort (A) ;
return(A[1]);

O aAydbpBuoc Find-Min optlel ot avarywyf artd to mpdPAnua Tne edpeonc
TOV €AAYLOTOV oTolyelov oto TPORANuUa Tne dLdTaénc.

ATS TNV avaywYT) CUMTIEPAIVOLIE TIWE oV TO TPORANUA TN dLdtaéne stval
£TULAVOLLO, TOTE olyovpa Kol TiPOBANAL TNE £0pEONC EAAYLOTOV OTOLYELOV elval
£TLAVOLUO.



Find-Min(array A)

Sort (A) ;
return(A[1]);

O aAyéplBuoc Find-Min opilel ot aovorywyn artd 1o medPAnua Tne eVpeonc
Tou eAdyLoTou otolyetov oTo TPdPANUA Tne ddTaénc.

AT TNV avaywYT) CULTLEPAIVOUIE Tt oV TO TPOPANUA TN dLdtaéne etval
£TULAVOLLLO, TOTE olyovpa kol TipOBANUAL TNE £0pEONC EAXYLOTOV OTOLYELOV glvarl
eTLAVOLUO.

(BePaiwe yvwpiCoupe mwe ko tar 800 mpoPAfuata eivor eTAVOUUR HECW
Y yopwv adyopiBuwv).



Miat avarywyn amd ) yAwooa Ly otn yAwooo L sival évac alyoplBuoc
(dnA. Mnyavi Turing) M; o omolog amopacilel TNV L KAADVTHC OOV UTIO-
povutiva évay omotovorrote alybplBuo (dnh. M. T.) M, o omolog aopaaiCel

™V Lo.

M, (eloodog w)

%\42(10');
MQ(U}”);

return(YES or NO accordingly); // w € Ly or not



To BPAo Twv Lewis-Tlamadnuntplov xpnotpototel phdvo avaywy£Ec TNE Hop-
Prc:
M, (eloodoc w)

Compute "suitable” w’;

If (Ms(w'")== YES) then
return(YES); // w € L4

else

return(NO); /] w & Ly,

dnA. N M7 kadel T Mo pdvo pia popd pe gloodo w' = 7(w), dmou n avar-
SPOMLKN ouvaptnon 7 : X5 — X* elvor Tétola wote w € Ly v kol povo v
T(w) € Lo.

> xedbv dAec oL avaywyéc mov Ba dodue oto pdBnua Ba elvo ovvte TNC
eldikfc popnc. H SuokoMa éykelton oTov VTOAOYLOMS Tou KATAAANAOL W,
£TOL MOTE VO LOYVEL TO OV KOL UOVO VY.



M, (eloodog w)

TM2(’LU'>;
i

return(YES or NO accordingly); // w € Ly or not

Oewpnuo 1: Av n Ly elvol ovadpopikn Ko UTTEEYEL Lot AV Y WYT) ATEO TNV
L, otnv Ly, t61e kot n Ly elvat aevacdpopik.
Anoéoesn: ‘Eotw dtu n Ly elvon aovadpopiikny Tote vmapyet e punyavny Turing
My mov tnv amoyaocilel. Emopéveoe n M. T. M; tnc mapamdve avaywync
elvall KA& oplopévn ko artoaotCel Tnv L.



Miat avaywyn amd tn yAwooa Ly otn yAdooo Lo elval évac adyoplbuoc
(dnA. Mnyavh Turing) M, o omoloc amopaoilel TNV L KAADVTHC OOV UTIO-
povtivar évay omotovorrote adyoplbpo (dnh. M. T.) My o omolog amopaoilel
™V Lo.

Oewenua 1: Av n Ly elvor avadpopikn Ko UTTAPYEL Lo avaywyT) otd TNy
L, otnv Ly, t61e kot n Ly elvat atvacdpopik.

To mapakdtw Oemdpnua eivar tooddvapo (yiati;) upe to Oedpnua 1:

Oewpnua 2: Avn L Sev elval avardpopLkn) Kol UTTEPXEL (Lot avaLY wY T attd
v L1 otnv Ly, 16T ko n Ly dev elvail atvacdpopuik.



‘Eotw we yvwpllovpe Twe éva TpoPAnua (YAdooa) Ly (m.x. to MNMpdBAnua
Tou TepuatiopoV) etvan un emAdoLuo (un ovadpoptkn).

O£Moupe vor atodeléoupe OTL £val kavovpyLo TPoOPANua Ly etval un emAdboluo
(8. 1 awvtioTouyn YAOoo glval P avodpoptk).

Me eic &tomo amarywyT).

1) Trobétoupe we to Ly elvor eAdoupo.

2) Aeiyvouue avaywyn amd to Ly oto Ls.

3) Attd to Oedpnua 1 émetan Twg ko To Ly glvor emAbouo, dtomo. ‘Apa ko
T0 Ly glvat un emAdoipo.



Oewenua: To TapakdTw TpdPAnuo elval pn eTAVOLUO:
‘Aebouévne utac unyavrc Turing M, tepuatiler n M ue kevrj tawia,’

Anooein: Me avaywyn atd to TpdPAnuo Tou TeppaTopov. ‘EoTtw o
unxovn Turing M kol poe ovpforocelpd w.

H avaywyn poc kataokevdlel o pnyovy Turing My n omolar Eekvdel T
AstToupylar TNG pe kevh) Tawvia. Augowce petd, n My ypdpel To w otnv Tawvia
NG Kol EEKLVALEL VOL TIPOCOMOLWVEL TN unyovh) M.

Av elyape évoy adyoplBuo o omolog amoyaoilel av et unyoavn Turing Tep-
uatiCel pe kevh tawla, téte Bal pmopovoapue va amoyaoioovus av 1 My
TeppatiCel, Kol eTopévwe vor atopaotooupe av 1 M e elcodo w teppatilet.



Oedenua: To Tapakdtw TpdPAnua elval pn eTAVOLUO:
‘Aedouévne jtac unyxavne Turing M, vmdopyer éotw kat pia ouvuforooceipd
yia tv omola n M tepuatier;’

AnooegEn: Av to mpdPAnua awtd oy emAvoLuo, ToTE TO (Blo Do loyve
KO YL TO OUECWC TPOTYOUMEVO TIPORANUAL.

Oa umopoVoape va aoacioovpue av et pnyovny Turing M teppoactiCel e
kev) oupforooelpd, we e€Nc: Tpotmotololue TNV M hote val ofrfvel otola-
dnmote eloodo TN dlveTal Kol PETE TNV APhvouue va TipoYwpenoel OTwe Ba
TPOoYwWpPoVoe av 1 eloodoc Tne tary e€apxne N kev) ovpPorooslpd.

Mo T véaw out pmyavi) M’ oy el To e€4c: 1 M’ teppatilel yro puo SeSopévn
ouuPorooelpd av ko pévo av n M’ teppatilel yia kédBe ouuPorooelpd ov
kol uévo av 1 M tepuatiCel yial tnv kevh ocupolooelpd.

Emtopévace, Ba umopodoape va eAéyEoupe av ) M tepuatiel pe sloodo tnv ke-
VN oupPorooelpd ATTA EAEYYOVTAC AV LTIAPYEL OUPPOAOCELPA YLOL TNV OTLOLX
n M’ teppatilet.



Oewenua: To TapakdTw TpdPAnuo elval pn eTAVOLUO:
‘Aebouévne utac unyavne Turing M, tepuatiler n M yia kd e cuuforoceipd
gloédov;’

AnodelEn: H amddelén mov Topovoldoape YLt TO AUESKE TPOTYOULEVO
/

EPOTNUO MeTapepeTol Ko €36 (yott 1 M” déyetal kd&mola eloodo av ko

uovo av deyetal k& Be elcodo).



Oewenua: To TapakdTw TpdPAnuo elval pn eTAVOLUO:
‘Aebouévwv 0o unyavaov Turing My kar My, tepuatifovv ue tic (dlec ouu-
PoAooepéc eiobdou;’

Andoeén: ‘Eotw 6Tl umopolpe vor atopaolooupe ov 300 UNYovES TEPLOL-
TtCovv pe Tic dlec ouporooelpéc loddov.

OfToupe TN Pl Ad AUTEC VAL elvarl Lol TETPLLMEVN Ny v Ttov TeppatiCel
vt dAec T TuBovée eloddouc.

Emtopévace, Topa éyouue éva alyoplBuo o omoloc amopaciel oV Lol OTToLo-
dfmote punyovn Turing teppotiCel pe kdBe eloodo.

‘Onwe, yvwpiCouue Hdn 61l To TPéPANUA auTd eival un emAdoLuO.



Oewpnuo: Mo yAdooo L elval avadpoptk) av ko oVo oV Kol auTT| Kot
TO CUUTANPWHA TNC lval avadpopkd araplBunotuec.

Anddein: H katedBuvon (=) elvo popavic (yroett;)

Mo Tv katevBuvon (<) Ba kataokevdooupue o pnyov Turing M 800 Tou-
vV Tou aropaoiCel Tny L. ‘Eotw 6t n L nuiaopacileton amd puo pmnyovn
Turing My kot n L amd plo unyovn Turing M.

Aedopévne lac ouporooelpdc w, n M mpoywpdel oTNV TEWTN TAUVIX TNG
6mwe Ba mpoywpodos N My ue gloodo w, ko otn dedtepn Tavia TNC OTWC 1
My e eloodo w.

Kamolwa otiyun o uvmoloylopdc os ulat amd Tic dvo Touviee Bor tepuatiost.
Téte ko 1 M teppatiCer otnv katdotaon y ) n (avdAoya ue To oV 0 VTIO-
AOYLOMOC 0 OToloC TEPUATLOE HTOV HUTOC TNC TPWTNG THLVLAC 1) TNE devTEPNC
Towwviog avtioTouya).



Optopog: Mo unxovn Turing M amtoplBuetl tn yAwooo L av kol pévo awv,
vy k&molax mpokaBoplopévn katdotaon q Tne M,

L=A{w:(s,>l) Fpy (a, >Lw)}

Mio yAwooo etval amoplOunowun kotd Turing ov ko OvVo oV LVTTEPYEL i
unyovn Turing Tou tTnv attatplBet.

AroucOnTixd: ‘Otav n M ewogpxeton otnv Katdotoon q T6Te ONUATOJOTEL
6TL 1) ovPoroocelpd Tov PplokeTal AUTY) TN OTLYU) OTNV TAWLK TNG, KVHKEL
otnv L. H M akoroVBwc pmopel var alpnoet tnv q kol var etoveABel apydtepal
hE Eval dAAo pédoc Tne L.

Ilpocoy®: Ta péAn g L pmopoidv va mapatebolvv oe omoladnmote oelpd
Kol he emavaAndeie.



Oedenua: Mio yAdooo L elvo avadpopkd amaptBunotun av kot povo ov
elvor ataplOurioyun kotd Turing.

Anddeln: (<) MNpodra amodetkvioupe OTL oy £xoupue Lo unyovh Turing E
mov amopluetl Tnv L, téte vtdpyel o pnyoavn Turing M mou nuuactogpaotiCel
v L. H M dovAedel we e€nc:

[l ovpPorooelpd eloddou w, 1 M apxilel v «Tpéxely TN unyavn E. Ké&Be
pop& Tov N E elogpyeton otnv eldikn katdotoon Tng, N M ouykplvel Tn w e
™ ovpPoroocelpd o poALC £xel tapayBel amd tnv E. Av elvaw (8ieg, téTE 1
M amodeyetan TN w. AltxpopeTikd, cuveyiCel TV Tapamdve dtadlkaotor.

Etvael mpowavéc 6t n M déyetan akplpdc sketvec Tic ouuPorooelpéc oL otolec
eppaviCovtal otny amapiBunon tc E.



ATmooelln (cuvéyewa): (=) ‘Eotw ot éxoupe o unxovhy Turing M tov
nuiatopooiCel tnv L. Mmopodue va kataokgvdoouue o unyovy Turing E
mov amapeBuel Tnv L. ‘Eotw sq,s9, . .. pLa akoAouBiae attd dAec Tic oupolo-
ospéc Tov X*. H E Aettovpyel we €€hc:

Ertavédofe tar akdrovBa Prpata yroe 2 = 1,2, 3, .. ..

1. «Tpe€ey tnv M yiax @ PApata Yo T ovpPorooelpéc s, S, .. ., S;.

/ / / / / /
2. Av kamola ovpBolooelpd s; yivetar dekTr), N E mnyalvel otnv edikn ko
TAOTOOT) q HE Sj OTTV TOUVLX.

Av n M amodéyetal o ovpBorooelpd w, Tt autt) Ba eppavioTel apyd M
Yenyopa otnv akolovBia Twv cupBorooslpov mou amtaptBuet n E.



Optopdg: M punyoavn Turing M atoplBpel Aeikoypopikd T yAdooo L
av,
1. amapBuel Tnv L mepvidvtoc amd o tpokaBoplopévn kaTdoTtao q Kol

2. 'Omote £xouueE:
(g, >Lw) Fyy (9, >Lw)

16T N W Pploketan Aelkoypagikd PeTd attd TNV w.

Ml yAwooo eival Ae€ikoypapikd amoplBunioun kot Turing av kol pbévo
ov UTTdpyeL pia punyovn Turing ou v aapBuet Aeéikoypagikd.



Oepnuo: Mio YA®ooo L elvor oovadpopikn ov ko pdvo av eltvat Ae€iko-
Yoopikd amaplBunowun katd Turing.

Anddeln: (=) Apol n L elvo avadpopikn, téte umdpyer unxovh Turing
M mov tnv amopactlel. Kataokevdlovue plo punyovd Turing M’ 1 omola
Topdyel Ae€lkoypaplkd OAec Tic ovuPorooslpéc Tov adpafrtov Tne L. Na
kaBe pla amd tic ovpPorooelpéc «Tpéxely tnv M. ‘Omote n M déyetan v
elocod0, N M’ tapovotdlel TN oupPorocelpd ko cuvexllel oTnV eTOUEVN.

(<) Aol n L etvar Ae€ikoyporpikd amtarplBumnotun, Utopolpe Vo KATOOKEVE-
oovue o unyovh) Turing M’ tou v amopaotilel. H M’ e eloodo w Eekivdiet
v amaptBunon e L kol mepyuével £we OTou £lte N1 W TtapovoLaoTEL it
CeTePAOTEL ASELKOYPAPLKAL. TNV TPAOTN TEPITTWOT SEYETAL TNV W EVQD OTT
de0TEPN TNV ATLOPELTLTEL.



