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! !"#$%"!&'( )(' ! *$( +($(,%-!- #'&(' (&#.(-/')#- 0
# 123 4 5678 49: 23 8;<=>?>@ 9@>3AB 83C >3 D6:EF793>3 0 /: G6?H 49: >I2 3D32>78@I2 D6JD@4 23 @123 4
3;8>=6? 3>:94K7 ;DLM@8= 0
N OPQRSTU V WV TXYZ[\] ^ T_`O a

−b c aU RZdX] UeUYfgh\ a]i j %61<:;9@ > 4C @A7C GFk88@C l
PRIMES = {x ∈ (0∪1){0, 1}∗ | x 323D36 48>? D6k>: 36 4M9L 8>: m;3m 4KL 8B8>=93}, K34 COMPOSITES =
{x ∈ (0 ∪ 1){0, 1}∗ | x 323D3648>? 8B2M@>: 36 4M9L 8>: m;3m4KL 8B8>=93}. , 12@>3 4 : 3KLF:;M:C 9= 2>@n
>@69 42 48> 4KLC 3FGL64M9:C 0o0 (2 x = 1 p @DJ8>6@H@ q: x m@2 @123 4 D6k>:Cr 0s 0 , 4?F@A@ 9= 2>@>@69 42 48> 4K? J23 t;8 4KL d 32?9@83 8>: s K34 8>: x− 1.u 0 (2 : d m43 46@1 >:2 x, @DJ8>6@H@ q: x m@2 @123 4 D6k>:Cr @4m?FFIC @DJ8>6@H@ q: x @123 4 D6k>:Cr 0
" D:6:B9@ @A3 4> 13C 3;>:B >:; 3FG:61M9:; 23 3D:t32M:B9@ L> 4 PRIMES ∈ NP 7 COMPOSITES ∈ NP v, 43>;Dk8>@ 9@ 3K61E @43 >=2 @K> 19=8= 83C G 43 >: 56L2: @K>JF@8=C >I2 E=9?>I2 >:; 3FG:61M9:; 0
N OPQRSTU w Wx TXYZ[\]i j ,k8>@ 943 2>@>@69 42 48> 4K7 " 0 / 0 9 43C >3 42 13C p 9@ >=2 K3FB>@6= D:F;n
DF:KL>=>3 56L2:; D:; 9D:6@1>@ p D:; 23 3D:t38 1<@4 >= GFk883 {a2

j

| j ≥ 0}.
+@64G6?H>@ >= F@4>:;6G 13

>=C 9=5327C 9L2: 9@ FLG 43 0
N OPQRSTU b Wy TXYZ[\]i j # 123 4 = 3KLF:;M= GFk883 323m6:94K7 v
{�M� | για κάποια συμβολοσειρά εισόδου η ντετερμινιστική Μ. Τ. M τρέχει για τουλάχιστον |�M�| βήματα }.
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D36 48>?2:;9@ >= 8;9E:F:8@46? D:; D@6 4G6?t@4 >= " 0 / 0
M.

,@1>@ p D 05 0p 8@F 0 z{|z} >:;+3D3m=9=>6 1:; G 43 >: DIC 9D:6:B9@ 23 :618:;9@ >:;C 8;2>3K> 4K:BC K32L2@C 9 43C >J>: 43C D@64G63t7C 0
N OPQRSTU x Wy TXYZ[\]i j , @1A>@ L> 4 NP 6= SPACE(n) ~+ 6LEF=93 { 0� 0{ 3DL >:2 +3D3m=9=>61n
:;� 0
N OPQRSTU y W� TXYZ[\]i j (D:m@1A>@ DIC m@2 ;D?65@4 KF?8= D:F;DF:KL>=>3C C D:; 23 D@64J5@4
LF@C > 4C 323m6:94KJC GFk88@C 0� 43 >:;C 8K:D:BC 3;>7C >=C ?8K=8=C 943 KF?8= D:F;DF:KL>=>3C C :61<@>3 4 3DL (i) J23 9J>6: D:F;n
DF:KL>=>3C Φ D:; ;D3K:B@4 8>3 3A 4k93>3 >:; Blum ~EF 0 +6LEF=93 { 0� 0os >:; +3D3m=9=>61:;� K3 4 (ii)3DL 943 :F 4K7 323m6:94K7 8;2?6>=8= f : N → N

>J>: 43 k8>@ = C 23 D@6 4J5@4 3K6 4EkC > 4C GFk88@C L 9@
>=2 4m 4L>=>3 l ;D?65@4 " 0 / 0

M D:; 3D:t38 1<@4 >=2 L K34 G 43 K?M@ 8;9E:F:8@46? x, Φ(M,x) ≤ f(|x|).#D@4m7 m@2 :61<:;9@ D: 4: @123 4 >: 9J>6: D:F;DF:KL>=>3C p 9D:6@1 23 9=2 @123 4 :B>@ 56L2:C p :B>@ 5k6:C 0�#23 D36?m@4G93 >J>: 4:; 9J>6:; D:F;DF:KL>=>3C @123 4 >: ��� ��� D:; K3>323Fk2@4 = 9=5327 l : 36 4M9LC >I2
t:6k2 D:; = " 0 / 0 @K>@F@1 9 43 9@>?E38= >=C 9:6t7C δ(q, σ) = (p, σ′,X) LD:; p, q ∈ K, X ∈ {−,←,→},
σ, σ′ ∈ Σ K34 σ 6= σ′.



NOPQRSTU � W� TXYZ[\]i j ~3� � �������� FJG:2>3 4 : 4 GFk88@C D:; G 12:2>3 4 m@K>JC 3DL J23 D@n
D@6389J2: 3;>L93>: 0 ~, @1>@ 85@> 4K? K34 >: D6LEF=93 s 0} 0oo >:; +3D3m=9=>6 1:;� 0 �@I6@18>@ G2I8>L
DIC SPACE(0) = REG, m=F 0 : 4 " 0 / 0 D:; m@2 56=8 49:D: 4:B2 K3MLF:; 5k6: @6G38 13C 3D:t38 1<:;2
3K6 4EkC > 4C K32:2 4KJC GFk88@C 0 , @1A>@ DIC SPACE(O(1)) = REG.

~E � �@I6@18>@ >= GFk883
B = {$bk(0)$bk(1)$bk(2)$ . . . $bk(2

k − 1)$ | k ≥ 0} ⊆ {0, 1, $}∗,

LD:; bk(i)
D3648>?2@4 >= m;3m 4K7 323D36?8>38= >:; 36 4M9:B i 9@ 3K6 4EkC k bits.

,@1A>@ L> 4 B ∈
SPACE(log log n). �� ���� �� >: t6?G93 8>=2 D:F;DF:KL>=>3 5k6:; D6JD@4 23 485B@4 K3 4 G 43 @48Lm:;C p:D: 43m7D:>@ 9:6t7C p 3KL93 K 4 3;>JC D:; ��� 327K:;2 8>=2 B.

+363>=6@18>@ DIC 3DL >: ~3� K3 4 ~E � D6:KBD>@4 L> 4 REG ⊂ SPACE(log log n).

NOPQRSTU � WwV TXYZ[\]i j ~3� (23<=>@18>@ >: E 4EF 1: J. E. Hopcroft, J. D. Ullman. Formal
languages and their relation to automata, Addison-Wesley 1969

0 # 123 4 m 43M J8 49: @F@BM@63 8>: m 43m 1K>;:
8@ 9:6t7 pdf.

, 43E?8>@ >: ) @t?F34: o� p D@64J5@4 36K@>? M @I6793>3 D:; J5:;9@ K?2@4 8>=2 >?A= 0 ,k8>@
J9t38= 8>=2 >@52 4K7 >I2 crossing sequences G 43 >=2 3DLm@4A= K?>I t63G9?>I2 ~@2L>=>@C o� 0� p o� 0z� 0
~E � �@I6@18>@ m@m:9J2: DIC SPACE(0) = REG. ~, @1>@ 85@> 4K? K34 >: D6LEF=93 s 0} 0oo >:; +3D3m=n
9=>61:;� 0(;>L 8=9312@4 DIC K?M@ K32:2 4K7 GFk883 3D:t38 1<@>3 4 3DL 943 2>@>@69 42 48> 4K7 " 0 / 0

M 9@ @18:m:
K34 JA:m: p LD:; = M m@2 56=8 49:D: 4@ 1 K3MLF:; >=2 >3 42 13 @6G38 13C p :B>@ >=2 >3 42 13 @ALm:; 943C K3 4 3DFkC
3D:t38 1<@4 9 43 GFk883 0 #D:9J2IC p = 9L2= D6:8DJF38= 8>4C >3 42 1@C >=C 8;2 18>3>3 4 8>: 23 [ aUQZ�\ a 3DL
>=2 >3 42 13 @48Lm:; 9@>3K 42k2>3C >=2 K@t3F7 36 48>@6? 7 m@A 4? 0" @ E?8= >3 D363D?2I m@1A>@ >: @A7C l J8>I 9=5327 M 9 43C >3 42 13C 9@ L(M) 9= K32:2 4K7 0 /L>@ m@2
9D:6@1 23 ;D?65@4 D@D@6389J2: K?>I t6?G93 8>: 97K:C >I2 crossing sequences D:; D36?G@4 = M 8> 4C
@ 48Lm:;C D:; K?2@4 m@K>JC 0 ,=F3m7 p G 43 K?M@ k > 0, ;D?65@4 8;9E:F:8@46? 8>=2 L(M) G 43 >=2 :D: 13 =
M D36?G@4 9 13 crossing sequence 97K:;C >:;F?5 48>:2 k.

~G � � 6=8 49:D:4k2>3C >: ~E � p m@1A>@ DIC :D: 43m7D:>@ GFk883 G 12@>3 4 m@K>7 3DL 2>@>@69 42 48> 4K7 " 0 / 0
9 43C >3 42 13C 8@ 56L2: o(n log n) @123 4 K32:2 4K7 0

s


